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A Appendix / supplemental material

Notations
Symbol Meaning
m Number of neurons in hidden-layer of score network
Cuyu, Upper bound on [[wy; [ , [luy,ill,
F2 Upper bound on Ex, Ee, {|0(W:c(t) + Ue(t))||§ ,0<t<T
L, Lr8g(0,,0_,) is L— smooth w.r.t. 6,
by Lipschitz constant of Lo (0,,0_ ) W.r.t. 0,
oy Lr45(0,,0_,) is o, Lipschitz in 6,
B Upper Bound of the Frobenius norm of A,

B Sampling

Denote the backward time schedule as {¢;” }o<;j<n such that 0 = ¢§~ < t]~ <
Lower case p; represents the density of P;.

simulating the backward SDE with

Ay =T — o
We consider the exponential integrator scheme for

The generation algorithm can be expressed as a piecewise continuous-time SDE: for any ¢t €

[t

J 7+1)

dY; = (Y; + 257 0, (Yie ) )dt + V24w,

Denote q; := Law (Y;),Vt € [0, — §].

Theorem 2. [3) Theorem 1] Let Assumptionhold. Then there exists a numerical constant Cy > 0,
such that

Drr(pa(Iy)llar-a(-ly)) < Co(Es + Ep + EF)

(23)

(24)

where Ep < k?Nu3 + kT3 is the discretization error due to the reverse SDE, Ep < exp (—2T)u3
is the error due to the convergence of the forward SDE and Eg is the score estimation error

N-1 5
Ba(8)) = 3 By | [V108prs-0lo) = 5715 0,0 es)
§=0
where vy; 1= t;-_ﬂ t;_, Vj=0,1,--- N — 1is the step-size of the generation algorithm.
When the training is done over the forward discretization given by (tx—; =T —t57) jv 01, we have
N-1
O'tN,-)\(tN J)
Eg = — "t —t Ex,Ex, a S 0, (X )+ €&
s 2 A(tN_j)otN,J(N it D)EXEx, o (|Gt sen 0, (Xea I
N-1 _
UtN
+ W/\(tN —i)(n—j —tn—j-1)Cix_;
j=0 VN
a’tN,
<2max - LY(0
J /\(tN J) ( )
where
(N1
L0y) = 5 Y ExEx,. ix [A(th)(th —tN—j-1)
§=0
Ve 08 Per_, (@(tn—5)|z0) = sta_, 0, (@ (tn—))|2 (26)

AtN—j)(tn—j —tn—j-1)Cix_;(y)
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st Theorem 3. (Appendix[Bland [3] Theorem 1]) Let Assumption[I|hold. Then there exists a numerical
ga2  constant Cy > 0, such that

Drcr(pa(1W)llgr-al-ly)) < Co(LY(0y) + Ep + EF) 27)

83 where Ep < k?Nu3 + kT2 is the discretization error due to the reverse SDE, Er < exp (—2T)u3
a4 is the error due to the convergence of the forward SDE.

ss  B.1 Decomposition of LY (0,)
s46  Let 0 = argmin, LY(6,). We further decompose L£(6,) as

max <.cy<ey> - .cyw;)) < max (cywy) B 0y, 0-y) — (LV(02) + BLY e (03,6-,)))

ALY (05, 0,) — L2 (0y, e_y»)

e (£60) + 5L8(0,:0-,) ~ (£/(B(6-,)
yey

+ ﬂﬁfnut(B(H,y), 0y))> + 5%333( Eynut(B(G*y% ny)

yey

< (£24(6,00-,) — L2, (B60-).0-,))

847 where (a) follows from the fact that £Y, (B(6_,),0_,) < LY

reg reg
s4g  this to obtain an upper bound on max,cy ming 59(9;)

(6y,6_,). We further decompose

rynea% L£Y(0y) < ryneag LY(0,) + Enea}i( (‘cgeg(ew O_y) — LYeg(B(0—y), 9—y)>

+pBmax sup Ly, (0y,0-y)
YEY (0,,0_,)

(a) _
< Iynea}i(‘cy(ey) + I;}Ea;( | LYeg(Oy,0—y) — L72(0y,0—y) |

reg reg
+ I;leal}/( | Z;}gg(gyv 0—y) — Efgg(B(Q,y), 0—y) |
+ max | LYeg(B(0—y),0—y) — L72,(B(0—y),0-,) |

reg

+ fmax sup LY .(0,,0_,)

veY (9,0 ,)
(2) max £Y(0%) +2max sup | LY, (0,,0_,) — L (0,,0_,) |
< mas Y sey pogp | e O Oy reg\Vy, V—y
+ NE-gap(0,,0_,) + fmax sup LY ,(0,,0_,)
VEY (0,.0-,)

©)
relTimin] 4D (0) < max L7(0,)+

+2max sup | LY, (0,,0—,) — LIy (0,,0_,) |

yey 6y.6) reg reg
+ min NE-gap(07,0”,)+ 8max sup LY .(0,,0_
Te[Ttrain] ( Y y) yey (eyﬂ—y) t( Y y)

a9 where (a) follows from adding and subtracting the empirical losses Lrég(0,,0-,) and
850 Lrég(By(0_,),0_,) and using triangle inequality of the max norm, (b) follows from the gradi-
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851
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853
854
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856

857
858

859

860

861

862

863

864

865
866

867

868

869

ent domination property for strongly convex functions, (c¢) follows from taking the minimum over
the iterates of the algorithm.

B.2 Boundedness of Forward Dynamics

Lemma 1. Consider the forward diffusion process with linear drift coefficients. Forany § > 0,6 < 1,
w.p. (with probability) of atleast 1 — §. we have

2
o0l < Cr (o0l + 1o 3 ) 28)

where Cr := maxyc(o, ) (1), r(t)v(t).

Proof: The proof is similar to [15, Lemma 1] When the drift coefficient f(.,t) : R¢ — R is linear

inzie. f(z,t) = — (), the transition kernel p, o has a closed form
Piyo(@(t)|2(0)) = N(@(t); u(t)2(0), 7 () Ia) (29)
where ju(t) := exp (fg F(&)de),a2(t) =2 fot exp (2us — 2u¢)o2ds. Together we get,
x(t) = u(t)x(0) + &(t)z, 2 ~ N(0, 1) (30)

For any € ~ N(0,1),c > 1, we have

OO]. .’172 1 o0 x 2 (‘.2
Ple: le] > ¢ :2/ _2dx§—/ 2xe” 2 :—/ e 2dr =4/ —e 2
tezld>ep=2 ) Tpze Vo V2r Jer i

g &
Letd = \/;6_7, then

P{e: |¢| < log%}21—§ (32)

Hence, for any § € (0, 1) with § < 1, w.p. at least 1 — &, we have

2
o0l < Cr (o0l + 1o 3 ) 63)

where Cr := max;ec(o 7{1(t), 5(t)}. Let Cr5 = Cr(K + /log =)

B.3 Boundedness of Loss function L%, (6,,0_,)
In this section, study some properties of the game defined by (Y, (L&) ey, (©y)yey). From Eq.

[0 we have
‘cgclontz ,reg (911’ a—y) ‘Cgontz( ) + ﬁﬁcontz mut (911’ a—y) (34)
where
Y 1 g 2
it O 0y ) = /t OBty By o { 10, (2(0)) = 510, (@) ] dt
and
‘ccontz(elﬁe—y / )‘ E(i(t ),y) |:HV (t) 1ngt( ( )|y) — St, (9 H :|

Conditioning on X and using law of iterated expectation, we can write [29, Appendix A], we get

1 T
‘Clc/ontz reg(ey’ 9*74) 25/ ]EXOEXt\XO,y |:)‘(t) Hstﬁy ($<t)) - vz(t) lngt( ( |$0 H2
to

—|—5w(t)Ey1NQ“’st,gy(x(t))—stg H ”dwé/: {/\(t)C’t(y)]dt
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70 where Cy(y) = Ex, ||Vlogpi(X:|y)|* — Ex,Ex, x, |V log p(X:| X0, y)||> to learn the score
871 V() log pi(z(t)]xo, ).

g7z Furthermore, we discretize the time points 0 = ¢y < ¢; < --- < t; = T to the objective function

’Cgeg(ey?e y) ‘CU( )+6£mut( - )
1 N
=3 D At — ti-)ExEx,, |x [ | Vae;) 1og pe () |20) — 5,0, (xi(tj))H; } +
j=1
_ 1 2
£O0)+ B3 S w(t)t ~ b ExEx, By | [ (ax(t) — sia, e |

j=1
(35)
73 where C(y) = %Zjvzl A(tj)(t; — tj—1)Cy, (y) From [29, Appendix A], we have X;|X, ~
g7 N(e " X(,521) and its density function is
o\ _d T —e My
plalao) = (2r?) 4 exp(- 12 =0l
Oi
s75  Then,

A =Ex,Ex, x, ||5t;.0,(@i(t;)) = Vag,) log pe(2(t;)|z0)||

2
Xy —e X,
=Ex,Ex,|x, ||5t;.0,(@i(t;)) = Va ( - w>
0%
X, — e X,
=Ex,Ex,|x, ||5t;.0,(®i(t;)) + 2
t
2
€t
=Ex,Ee, ||st;,0,(%i(t;)) + o
i
g6 Let{ = 2t ~ N(0,1)
1 _ 2
A = —Ex, e [|ouse; 0, (i(t;)) + £ (36)
t

g7z Finally putting all of it together, we get the empirical loss function

e, ZZ ' [uat 130, (@i(t)) + i

1=1 j=1 (37)
+ Bt - )Ey«NQ[ st0,05(69) = sea (i)

g7e  We will show that the empirical loss function for the label y € ), E?gg (Hy, H_y) that is optimized is
879 convex and smooth in 6, with high probability.

sso Lemma 2. Ford > 0,0 < 1,wp.1 — ny, NG, the empirical loss function

)t —t
000 =g 355 A=) [+ 6
i=1 j=1 (38)

T Buolty)(t - >EyINQ[

st;.0,(€i(t;)) = 510, (x"(tj))"Q ”

2

881 is bounded i.e.
N
ny )‘ 1)
Lreg J +Bw(tj)(tj 7tj—1))

j:1

24



882

883

884

885

886

887
888
889

890
891

Proof: From Lemmall] we have § > 0,0 < 1
2
P{I&i;1 > W} <6 (39)

Thus, w.p. 1—ny, N, we have |¢;;| < /-2 and hence we have ||z(t;)|| < Ciy5, Vi=1,--- ,n,
andj=1,,--- N
Thus, w.p. 1 —nyN¢§

. )(t; —t
22,000 =g 35 MG o )+ 6
yi 1j=1
+ Bty 1y - >Ey1~Q[Hst1,9y<xi<m>—stg, ]|
n, N
1 e A — - 1)
Sy eI+l
2
+ Bt (t = 1) (e, o, (2:(8)] + g,lg;c\ 1,0, (@i(t)])
For a bound on ||, g, (z(t;))|,
Ist,.0, (@), = Zaym (t;) + ugse(ty)) (40)
i=1 2
Z||ay2||2|0 ar(ty) +uy e(t)] (41)
& 1
< 2 ol ()l + gl le®)l) @)
1 m
EZ ay.illy (Co.s leogall, + masc o)l ugall)— @3)
S (Ctn,ts + CtN7e)Cwy,uyB (44)

where (a) follows from triangle inequality for norms, (b) follows from the fact that the ReLu function
satisfies |o(x)| < |z| and Holder inequality and (c) follows from the bounds on the embeddings and
x(t;) with [Jwy 4|, [|uy.ill; < Cuw,ou,, Vi € [m]. Thus, for § > 0,0 < 1, we have w.p. 1 —nyN§

N
£73,(6,,6_,) <C Z M =8 1 et - t-) (45)

where C1 = (57, + 2)(Ch,..5 + Ciy o)*Ch ., B® + 3= Since dy; is non-decreasing in j, so
max; &tj = 5'tN.
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B.4 Boundedness of Gradient of Loss function £,¢(0,,0_,)

V4, 22,64, 6|l = ZHV(Ay £32,(0,,0-)|

d Ny
=> ZZA (t5 — tj-1)(G1, 5,0, ((t;)) + & ko (Wya(t;) + Uye(t;))
k=1

=1 j=1
2
+Bw(t;)(t; — ti—1)Ey [(st;,0,(x(t5)) — st;,0,, (x(t;)) ko (Wyz(t;) + Uye(t;))]
d Ty 2
Z ZZA 7= ti—1)(0; 8150, (2(t5)) + &ij)o(Wyz(t;) + Uye(t;))
+252 ZZ )t — ti—1)Ey [(st,,0, (2(t5)) = s;.0,, (2(5))) k-
2

o(Wyz(t;) + Uye(t;))]

<2—ZZ>\ 2(t; —t;_1) ZHost 0,(@(t;)) + & lo(Wya(t;) + Uye(t))|?

lel

+252 ZZ 2(t; —tj-1)”

Y i=1j=1

1,0, (1)) — 50,0, ()| 1o (Woa(t) + Uye(t)

ZEy’[

S4Nd||0(Wy$(tj)+Uy€(tj))||§mfx{>\(tj)(fj*tj—l)ﬁtwﬁw(tj)(tj ti1)}Lre,(0y,0-y)

S 4Nd2(CtN,5 + CtN,€)2CIQUy,uy mjax{)\(tj)(t] - tjfl)a-tj ) ﬁOJ( )(t - t] 1)}Ereg(ey7 9*1/)

SN,
Lrég(0y,0-

Since w.p.1 — n, N§ the empirical loss function £y&y(6y,0_,) i ol

is bounded with the same probability.

This also shows that for fixed 0_,,, (W, U, )yey, w.p.1—n, N3, L1¢4(0,,0_,) is a Lipschitz function
in 6, with Lipschitz constant o, such that o) = 4C1Nd?*(Ciy 5 + Ciy e)?Cy, ., max;{A(t;)(t; —

1)1, Bttty — -0} ( S M) 4 ()t~ 15-))

B.5 Smoothness of Loss Function £;'¢,(6,,0_,)

Lemma 3. Let (W,,Uy,)ycy,0-y,{t;}}_, be fixed. Let L, = d(Cis +
CtN,e)zc?uy w, Z;\rzl <)\(tj)(tj — tjfl)ﬁt]. + b’w(tj)(tj — tjl))- Then fOV 6 > 075 < 1,

w.p. 1 —ny NG, Lr4(0,,0—,) is % smooth and convex in ,,.

Proof We have,

£0,(6,.0 550 A i) e G IR
1j5=1

51,6, (@(t)) = 510, <x<t]‘”H2”

2

2ny P

(46)

T Bt (8 — >Ey/NQ[
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To show smoothness, we will show that the function f(6,) = ||s,s:,.0, (x(t;)) + finz and

g (ay) =
to show Ef'eyg (Hy, H_y) is smooth as the linear combination of smooth functions is again smooth.

2
5¢;,0, (T;) — 5t;,0,/ (x(t]))H2 are individually smooth. Once we prove this, it is easy

To show smoothness, we need to show that vay f (Qy)H and vay g(ﬁy)” have a bounded norm.
Recall that s, ¢, () = = Ayo(Wya(t) + Uye(t). Let hy(z,t) := o(Wyx + Uye(t)), ho(, t) :=
st,0,, (), ha(i, j) = &j, we have

_ 2
f(9y> = |‘Utj8tj,9y (‘r(tj)) + gin (47)
o A,
ZW;Q hi (2(ty),t;)AY Ayha(x(t;), t;) — 204, h3 (i, §) (WZ> hi(z(t;),t;)  (48)
+ 3 (i, §)hs (i, 5) (49)
a 67521 T 204,
:ﬁtrace(Ay AyBy) — Wtraoe(AyBg) + constant (50)
52
o7

(BN Tvec(A,) + constant (51

31 ®I vec(A

where (a) follows from the identity 27 Ay = trace(Byz™), (b) follows from the following identities

trace(AT AB) =trace(ABAT) = vec(A)" (B ®I)vec(A)
trace(AB) =vec(A)Tvec(BT)
and Bg = hl(l‘(tj), t])hg(l,j)
Similarly, we have for g(6,)
9(0,) =[50, (1) — s10, (a0
o a), ) AT Ay ((65),17) — 205 o)1) (52 ) et )
+h3 (2(t)), t)ha(x(t;), 1))

al 2
:—trace(AgAyBl) — —trace(AyBg) + constant

b 1 2 T\T
3 — vec(A (B, ® TIvec(A,) — Efuec(B2 )* vec(A) + constant
where By := hy(z(t;),t;)hT (x(t;),t;) and By := hy(z(t;),t;)h3 (2(t;),t;). Thus,
1 2
57 Vo, (00) = V5,900 = Viee(a, 9(00) = 5 (BL QD) (52)

The eigenvalues of (B; () I) is the same as B; with multiplicity. Thus, to show smoothness, we
need to bound the maximum eigenvalues of B;. For any v € R™

0 <o Biv = (WThi(a(t)), ;) < d|hi(z(t;), t;)]]%, vTv (53)
Now,
lo(Wya(t;) + Uye(t;)l . = ijlr}a?fma(wT (ty) + uy elty)) (54)
< Jpax |wy i (t;) + uy,ie(tj)l (55)
< Jpax lwy,illy 12l + Nug,illy lle)l (56)
< (Ciy5+ Cin,e)Cuyou, (57)
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Thus, we have for any v € R™

0<vT'Bv< d(Cip s+ CtN’e)QC’fuy)uvav (58)
Since w.p. 1 — ny,NJ we have {||z;| C’tmg}?y’l _j=1» We have with the same probability f(6,)

and g(f,) are smooth in 6, for every Wy, Uy, x(t;),0_,.

Thus, Z?gg(ayﬁ*y) is Ly# = #d(ctzvﬁ + Ciye )20120 JUy Z;V:1 ()‘(tj)(tj - tjfl)ﬁtj +

Bw(t]‘)(t]‘ — tj_l)) smooth.

B.6 Proof: First order convergence of the algorithm
Proof Our proof follows closely along the lines of [11]. Let Lreg (0y,6_,) be the empirical version
of LY, (0,,0_,) with n, samples. By L, smoothness of £, (6,,0_,) we have, for any y € ),

reg
‘C:’ng(aT+1 0T )< ‘C:’Leg(az;—vgz ) <v9 ﬁ?@g(ng—vozy)vo;Jrl 79;>
L (59)
=l AREA
— Ly, (0771,67,) < ﬁ:f;g(e;,ezy) = r || Vo, L2y (65,67,
Ly T NT (60)
+ L 90, 2o 07,07,
— 0|V, £5, 07,07 )|* < L3, (65.07,) — L, (67767 )
TR Vo, £z, (605.6%)||” v
9 T reg
Ttrtmn 9 _ _ Ttra’in
= Z 0 ([Vo, L3, (0, 07,) " < £(0,) = L (07" + B ) (07,607,067,
T=1
Tuoin | (62)
+ Z *M!Vey 2 (07,07
Ttrain Ttrain
= 2w IV0 B o) < £ ) — B0 + 3 St
T=1
Tirain 63)
+8 > Wyt 6,07,)
T=1
L1y 91 _ [y o* 2 Tt'ra'Ln
Y- A el B AR >
Te[Ttrain] ZT/ 1 ’]’77_ (64)
RS CARUALN

ZT 17
where w(9;+1 07,07 )—[,mut(@T 0T ) ﬁmut(ﬁﬂ'l 07 )

rYy

B.6.1 Analyzing the Bias Term
Lemma 4. Suppose 0_,, (W,,Uy)yey are fixed. Let ¢, = d'"SN(Ciys +

Ciy,e)?Cy, o, Bmax;w(t;)(t; —tj—1). Thenfor § > 0,6 < 1,w.p.1 —ny, NJ, we have
1 ny N
Loti(0y,0-y) = ﬁzzw(tj)(tj —tj1)%%@“‘8@,%(3«"(%)) —St0,, H ” (65)
Y i=1j=1

is ¢y Lipschitz in 0.

Proof:
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931

932

933

d
HVA ‘cfgg,mut(ey’e—y)Hj: = Z "v(Ay)kEfﬁut(ey)H—y)Hz

k=1
d Ny N 2
=> niZZw(tj)(fj—tj—l)]Ey'[(Stj,gy(x(tj))—Stj,ey/(I(fj)))kU(Wyx(tj)+Uy€(tj))]
k=1 Y i=1j=1
< 722 2(t; —tj_1)2
d o
S By {[se,0, (1)) — st,0, (0| Vo 0Wy(t;) + Vet )P
k=1
<o (W w(t;) + Uye(t;))])* Ndmaxw(t;)(t; —ti- DLt 0y, 0-y)
<4 (CtN5+CtN 6) CEUy,uy mj‘{.i’xw(tj)(tj ) mut(ey’e y)

Wy, Uy ]

N
<dPN(Ciy5+ Ciy.e)*Co o BPmaxw(t;)(t; —tj_q Zw )t —tj-1)
J=1

Since Eﬁut(ﬁyﬁ_y) < Lr¢(0,,0-,) and w.p.l — n,NJ, L;¢(0,,0—,) is bounded. Thus,
V4, L0t (6y, 0,y HF is bounded and hence L,?,(60,,0_,) is Lipschitz in 6, with ¢, =

mut
d"SN(Ciy s + Ciy,e)?Ch, o, Bmax;w(t;)(t; —tj—1) Here,
w(97+170;’67- ) = [’mut(aT et ) ‘C7rLut(0T+1 97’ ) (66)
<6, 07— 0" a0
<oy [V, L7, (05,67, (68)
<oyn:oy (69)
. m2
By taking n, < ey LoV Tmm,Vy ey
2(L"(6;)) — L™ () oy
3 v 07’ 07’ — O Y Y Y
r;leal)]("'e[l’lgtlgin] H O reg( )H Iyneaj}){ ( maxyey Ly\/Ttrain * \/Ttrain +ﬂ¢yay>
(70)
m2
_ o( + 6) )
V Ttrazn
For (6,,6_,), we have
NE'gap(elﬁef ) max | Ereg( ) ‘C:}eg( ( *y)vefy) ‘ (72)
< ma’XHVGy reg( yﬂefy)H ”9’9 _B(efy)”g (73)
Since the strategy space for 6, is bounded in norm. We have
NE-gap(0,,0_,) < mex Ve, L7z, (6,60 )H (74)
m2
— i NE- 07.,0".)=0 75
Tef;ltl'fcllin] gap( Y y) <\/m + /8> ( )
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935 B.7 Monte Carlo Error of the Finite Neural Network
936 Observe that

N

1 2
£2(6,) =5 YAt ~ 6B Ex, x| [ Vot oty o) = 1,0, (o)
j=1
(76)
1 N
+§Z)‘ )t =t I)Cta 77)
Jj=1
1 N
=5 DN~ 1) Eat e, | [1,0,(0(0)) = Talogp, )2 ]| 09
j=1

937 Foreachy € ), ﬁy(eg) is the optimal loss function for the unregularized version under the current

938 hypothesis class. Let Ey(O_;) be the optimal unregularized loss function under the continuous version
939  of the random feature model. Then,

N

1 2
£05) = 5 SN~ 65Eutt o | s 0(0) = Tutowm e[} | 09
j=1
1 N 2
<2(2 DAt — ti-1)Ea(ty) o, [ 51,65 (x(t)) = Ve logpt(x(t))H2] (80)
=1
1 N
+2ZA<tj><tjtj-ﬂEx(th[ s, (0) = s e ) 60
<2LY(0,) + Errac(0y, 05 {t; 1750, A (t5)110) (82)

940 Proposition 2. Monte Carlo estimates. Define the Monte Carlo error

N
Erragc(0,0,{t; 101, )0 = At — 1),
j=1 (83)

Eateye, | [, 0(60) = 51,050 |

a1 Suppose that || X (0)||, < K and the trainable parameter a and embedding functions W, U, e(.) are
942 both bounded. Then. given any 0. for any § > 0,6 < 1, with probability of at least 1 — 2N, there
943 exists O such that

26’2 B2(Ciy .6+ Ciy.e)?d

Errae(6,0, {t; }] 1 {5 ) = 1) < - log

N
Z/\ =t 1)

j=1
(84)

04\[\')

944 Proof. The proof closely along the line of [15]]. Fix any 6. For notational convenience, we will drop
945y from 6, and 0,. Fork = 1,2,---d, define

ZMUMU%ZH&@M@—wa@mp@OZEﬂi&@M@—ka@V} (85)
m 2
1
= B[ o S anao(ul s 4T e(0) = Bl ol +Te(0)] |
i=1

(86)
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a46 Then, we have

(87)
2

Eznp, |:H8t10y (z) = 5,0, (5C)H ] :ZEprf, {|3t,9y,k( ) =3 49,/71C
k=1
d
=> Z}(W,U) (88)

2
Zex(W,U) — EwolZesl| + [Bww [Zon(W, Um)

>
l‘
N

(89)
@), & )
9 (|zt7k<w, U) — EvwlZex (W, 0)] ©0)
k=1
+Ew,u (22, (W, U)]) (91)

947 where (a) follows from the fact that (a+b)? < 2(a? +b?) and Jensen’s Inequality E2[Z, (W, U)] <
ss Ewy[Z7,(W,U)]. According to Lemma forany 0 > 0,6 < 1, w.p. atleast 1 — §, we have

lz()ll o < Ciyys 92)

a9 If (W, U ) is different from (W, U) at only one component indexed by ¢, we have w.p. 1 — ¢

Zek(W,U) = Zy (W, U) (93)
=’ se0.2) = 50 @) 2y~ [[5050) —Fran@] | ©4)
<sante = sean@, ©5)
=% las o (i@ + i e(t) = ds o (@ @ + af ()| 12, (96)
< (lal T+ o0 2, + 6] o + T, ) o)
o (jad a4 T 02 sl [0+ )1 ) ©®)

(@) 1 - - -
< - (az‘,kl(sz‘ll Cins + luilly lle@lloo) + lai | (lwilly Crys + [l e(t)lloo)) ©9)

(e)
—BCw w(Cins+Ciye) (100)

950 where (a) and (b) follows from triangle inequality | ||a|| — ||b]| | < |la — b]| and ||a — b|| < ||a|| + ||b]]
951 (c) follows from the fact that |o(y)| < |y|, (d) follows from Lemma [I{and Holder Inequality, (e)
952 follows from the bounds on ||w;||; , ||uill; , 2, |ai k], e(t;).

953 Thus, w,p.1 — 0, Z; (W, U) has bounded increment property. Using McDiarmid’s inequality,
954  w.p.1 — 26, we have

B 2
1 Ze k(W U) — Ew,u[Z 1 (W, U)]| < Ecw,u(CtN,zS + Ciy.e)y/ dlog (5 (101)

5)
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955

956
957

958
959

960

961

963

Now we compute
Ewu(Z},(W,U)]

“Ewy [EN [st.0.0(x) — st,e,k<x>|2]}

(b) _
O, [Ewynsw,k(w) - st,g,k<x>|21}

m

S (aino (! + ule(t)) — By ular(w, u)o(we +uTe(t))])

]

+ #Eer {EW,U {Z(ahka(w?z +ule(t)) — By alar(w, w)o(w?z +ule(t))])
i)

1
= WEprt |:]EW,U |:

X (aj,ka(ijx + ujTe(t)) — Ew,u[aka(wa + uTe(t))])”

@#E%m []EW,U {i (aipo(wiz +uf e(t)) = Eyulan(w, u)o(w’z + UTe(tm)Q”

b By, [Z Eu [<ai,w<wf:c +ule(t)) = Eu ufar(w, wo (" + Ue(®))))
i#j

B (@30T uFelt) ~ Eaalon () ”e + U]

m

I
2

=
[ V)

E,.,, [Z Ew.v |:(ai7k,o'(u)iTaj +ufe(t)) — By ulag(w,u)o(w?z + uTe(t))])2”

=1

—
N

Epop, [E [<ak<w,u>a<w%+uT6<t>”2H

INS
HS\H 3= 3

B [Bucs (]l ol 0|

(CtN75 + CtN 6) Ci,uBZ

where (b) is due to Fubini’s theorem, (c) is due to independence of sampling (w;, u;) and (w;, u;),
(d) is due to a; xo(w] = + u] e(t)) being an unbiased estimator of the continuous version of score

network, (e) follows from Var(X) < E[X?2], (f) follows from |o(y)| < |y| and Holder’s inequality.
Thus. w.p.1 — 24,

2 2
log (5) (102)

2 m

2] 202  B*(Ciy.s+ Ciy.e)?d
EiNPt|: swy(:c) 7<§t79’y(:ﬂ)H :| § w,u ( tn,0 tn. )

Finally, we have w.p.1 — 2N§

_ 202 ,B>(Cyy 5 + Ci 2 a
N N N, N- e
Erryc(0,0,{t;};21, {A#) =) < - log 3 z;/\ J(t; —ti-1)
J:
(103)
B.8 Radamacher Complexity
In this section, we will bound the term related to the generalization bound
sup | Loy (0y,0-y) — L72,(0,,0—y) | (104)
(0y,0—y)
The Rademacher complexity of a real valued function class F is defined as:
Rn(F) =Eqgy . 2, Eoy, o o {sup oif(x; } (105)
(F) = Bap B [ 30053

32



964
965
966

967
968
969

970

971
972
973

974
975

976
977

978
979

980

981

982

The variables o1, - - - , 0, are iid Bernoulli random variables that take values {+1, —1} with equal
probability and are independent of x1, - - - , x,,,. However, for our random feature model, we have a
vector valued function class

]:"W,U = {f(as) ;2(1)(33 W, U) Zakqb (z, wy, uk)

k 1

Al < B} (106)

Theorem 4. [|[7| Theorem 3] Let X be nontrivial, symmetric and subgaussian. Then there exists a
constant C' < oo, depending only on the distribution of X, such that for any countable set S and
Sfunctions p; : S — R, ¢p; : S — 1o, 1 < i < n satisfying

Vs, s € S, i(s) — (sh) < ||di(s) — @i (s))]| (107)
we have
Esupz e (s) < CE supZXikq’)i(s)k (108)
ses B ses ik

where the X, are independent copies of X for 1 <i <mnand1 <k < oo and ¢;(s)y, is the k-th
coordinate of ¢;(s). If X is a Rademacher variable we may choose C = /2, if X is a standard
normal C = /7.

Corollary 2. [I7 Corollary 4] Let X be any set, (x1,--- ,x,) € X™, let F be a class of functions
f:X = lyandlet h; : I — R have Lipschitz norm L. Then

EsupZel (f(x3)) <\[LEsuqukfk (x;) (109)

fer

where €;y, is an independent doubly indexed Rademacher sequence and fi(x;) is the k-th component
of f(w;).

Lemma 5. [[[7] Consider the function class F = {x — %gb(w, wW,U): Ae B(H,R),|A|l < B}
Then the empirical Rademacher complexity of F' is

R B 2
Rad,(F) = Esup €infr(r) < — o(x, W, U (110)
) =Boup S nfele) m\/;” (2, W0
Moreover, if B, ||¢(z, W,U)||* < C2, the Rademacher Complexity of F is
BC
(F) < 111
Proof:
Rady(F) = Esup 3 confilw) = —E_sup 3 a3 eupas) (112)
fer Z m ”A”F<sz: Z
= —IE sup tr(D*A) < BE|D*|, (113)

m Al p<B

where D € B(H,R¥) is the random transformation
— ((U, Z €1Ti), (v, ZQK%>) (114)
i i

Thus,

Z Ezk¢ xi, W, U

i

E|D*|l, =Ey| D

\/ ZH¢> i, W, U)| (115)
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Thus,

1 - B 2
RAf)}&meanAfLWmm&mW%¢%|quMUm (116)
<L SE (s, W, U)|* (117)
_n\/m - L1, ,Tn [z )
BC
< 11
—ymn (118)

Suppose 0 < t; < -+ <ty = T are the chosen points of discretization for training, we have from
the forward process

X(t) = et X(0)+v1—e2Z,Z~N(0,1)  (119)
1— —2t
= Ez[X*(t)] = e H2(0) + ———  (120)
2
1—e 2T
= Ex)Ez[X?(t;)] < K> ——V0<t; <T  (121)

Using the above bounds along with bounded support of embedding matrices W, U and embedding
function e(t) and Assumption[l] it is easy to show that

Ex,E, [HU(Wx(t) + Ue(t))@} <FEV0<t<T (122)

for some constant F'2 and z(t) = etz (0) + V1 — e=2t£;,&; ~ N(0,1)
Lemma 6. The term
N
Lot 0y, 0—y) = Zw(tj)(tj - tjfl)EXoEth Xy g [
j=1

2

2
st0,05(69) = sea, (i)
(123)
is O (FTB Sl w(t)(t — tj—1)>
Proof: Using the fact of bounded support of embedding matrices W, U and embedding function

e(t), bounded strategy space and Assumption|[I]and eq[122] we get the desired bounded.

Lemma 7. Suppose L, = 6t2_jBFT +Vd,/log %) Then, with probability 1 — 0, the function
h:ACR? =R

h(x) = ||on, = + &5 (124)

is Lipschitz in x, where A = {z € R? : ||z, < FrB}.

Proof. It is sufficient to show the norm of the gradient of h(x) is bounded for x € A. With
probability 1 — ¢,
IV ah(@)lly =ou, ||, + €5]l, < 52 FrB + Vi log %) (125)
(126)
Lemma 8. Suppose Lo, = 2FpB|Y)|. Define g : AY € R4Vl — R where
@y, @, ay) = Bylllzi — oy |’y € {1,2,--, [VI} —i (127)

is Lipschitz in x, where A = {z € R? : ||z, < FrB}.
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1001

o2 3 300 ()t —

1003

1004

1005 where Lo, = 6t2j BFr 4 Vdy/log 2:).Le, =

Proof:

‘We know

Va,g(x1, 22, 2py)) =2Ey [(2; — 24)] (128)
Ve, 9(x1, 20, 2yy)) =2p(x5) (25 — 23), ] # i (129)
||V¢Eg(a:)\| < vaig(xlvx% c a$|y\)H + Z vajg(xla e PR J\yl)H (130)
i#i
By [|lw; — xy|] + 2 o — @]l < 2FrB|Y)| (131)
ki

where Cy(y)

N
v(6,) :% 3 /\(tj)(t;t_ tj—1

= Ex, |[Viegp(|y)?
tj_l)ctj (y)

+

Jj=1

)EXoEﬁj |:Ho-tj8tj79y(m(tj)) +§JH2 (132)

1 N
§ZA )(t; —t;—1)C, (y) (133)

Jj=1

- EXO]EXf,\Xo ”v logpt(xt|x07 y)||2

Let C(y) =

Lemma 9. With probability 1 — Nn0, an upper bound for the generalization gap i.e.

is

2V2BFy I

/My

Cy

N

sup | L
(0?/79— )

)\tj tj—tj_l
3 (t;)( )

reg(

j=1

o,

0?!79*, ) ‘C;Leg(ey’e*y) | (134)
2
ZWBFTIJJI Le Z )+ C (135)
,/mny

C ()]

1006 Proof. Observe that, we can rewrite Eq. [[34]using triangle inequality as

‘ 'Creg(

1007

1008

1009

sup

(0y,0—y

—y) = L72,(0y

Further decomposing them, we get

0_y) |< Sélp |£Y(0,) — L (0y)]

+ﬁ sup |£mut(9’lla9 ) Emut(e 0 )l
(0y,0—y)

(136)

At . an . 5
aupl22(0,) — £0)] < 3 2O 1) 5) — (0,5 + € 3
y j=1 Y
. An . Ty _ 2
where  |L£Y(0,)(7) — L"(0,)()] =| T D [!]ffthtj,ey(xi(tj)) + &ij|
2
]EXOIEgj 6tj3tj,9y (e_tiXO +v1-— 6_2tj§j) + fj :| | and
sup |£mut(9 0y E?nyut(eyve*y
(0y,6—y)
N
Zw J 1) sup |Lmut(9y79—y)( ) ‘Cmut(9y79—y)( ) | (138)

<.
Il
—

(071 ’0—?/)
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where

N . RS 2
b0y, 0-) () = L1 (0,0-,) () 1= - [Ey/NQ U 1,0, (@i(85)) = sva,, (@i(t))|,
Yi=1
2
- EXOE§J'EZ/’NQ[‘ S1,,0,(€7 X0+ V1 —e 25) — 5,0 (€7 Xg + V1 —e72h) ‘ ]} |
(139)
Finally using Corollary 2] Lemmas [5][7][8] [17, Section 4.1] we have
. 2W2BFr . )
v(,) — LM (0,)] < Y2221 Nt —ti 14
S;lyplﬁ (0y) — L™ (0y)] < N 01;)‘(@)@] tj—1) +C (140)
and
o 2V2BF|V)? O
Yoat(0y,0_y) — L (0,,0_,)| < ————-L i)t —tim 141
(95};130 | Lot By, 0—y) — Loy (0y,0-y)| < N Cs ;W( i)t —ti—1) (141
C Numerical Experiments

Computing resources. The numerical experiments were conducted on a MacBook Air (2023) and
Gilbreth. Gilbreth has heterogeneous hardware comprising of Nvidia V100, A100, A10, and A30
GPUs in separate sub-clusters. All the nodes are connected by 100 Gbps Infiniband interconnects.
We used sub-cluster B with 16 nodes, 24 cores per node, 192 GB memory per node, 3 A30 (24 GB)
per node. For more information follow this link.

The width of network m = 16, learning rate n, = 1074, Y7, Tyrain = 5000 is fixed for Adam
optimizer. We set A\(t) = 74, w(t) = €, total number of training samples is 50.

Case one We perform more empirical experiments on d = 1, imbalance ratio r = 2.5, 5 = 0.01.
We compute the KL-divergence between the ground truth distribution and the learned model using the
procedure in [15]]. P(z|y = 1) ~ N'(—u,0?) and class 2 is P(z|y = 2) ~ N (i1, 0?). We observe
Fig. [2]the worst case KL divergence for the mutual learning case is lower than the vanilla when we
change the distance between mean and the variance of each class label. The performance of head
class doesn’t worsened for small ;1. However, the head class performance suffers for mutual learning
case when the distance between the mean increases. This might be because when the support of class
distribution are farther apart mutual learning is not advantageous as transfer of knowledge between
the class is not useful.

Case two We now consider a case with two classes with imbalance ratio 7 = 2.5, § = 0.01. Class 1
itself is a uniform mixture of two Gaussian i.e P(z|y = 1) ~ $N(—4,3) + 3N (4, 3) and class 2 is
P(z|y = 2) ~ N(0,2) as in Fig. 3] We observe the Mutual Learning objective with our formulation
have lower KL-divergence for both the classes compared to the vanilla diffusion models trained on
each class. In this case, mutual learning allows useful transfer of knowledge between the classes
increasing the performance for both. We hypothesize that under some notion of similarity between
various class distributions, mutual learning is advantageous in improving the performance of all
classes.
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Figure 2: Case one: (Left) The first plot shows the KL-divergence for each class with and without
mutual learning objective as i is varied. (Right) shows the KL-divergence for each class with and
without mutual learning objective as o is varied (u = 2 fixed).

I
S

KL Divergence
2 2 2

o
N

0.0 -

0.200 -

0.175 A

0.150

0.125

0.100

Density

0.075 A

0.050

0.025

0.000 -

—— Gaussian Mixture
——— Gaussian

T T T
-10.0 =75 -5.0

| mmm Mutual learning

=
N

g
o

mm Vanilla

Class 0 Class 1

-2.5

T
0.0

104

Min worst grad norm

2.5 5.0 7.5 10.0

.

0 1000 2000 3000 4000 5000

Epoch

Figure 3: Case two: (Top) The first plot shows class 1 as a gaussian mixture with class 2 as Gaussian.
(Bottom Left) Shows the KL-divergence for each class

(Bottom Right) Shows min, max,ey || VL7 (07,607 ,)
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with and without mutual learning objective.

| decreasing with training epoch.
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